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Abstract: 

We present a brief survey of related work done in the fields of multi-objective mathematical 

programming, optical control. Many problems of practical importance can be transformed into different 

forms of minimization or maximization problems no matter whether such problems are from the field of 

engineering, science, business or finance. These problems share the solution that offers certain optimal 

criteria under several limitations. Finally, one can say that nothing at all takes place in the universe in 

which some rule of the maximum or minimum does not appear. Kuhn and Tucker were the first to 

incorporate some interesting results concerning multi-objective optimization in 1951. Since then, 

research in this area has made remarkable progress both theoretically and practically. Duality in non 

linear programming problems originated with duality results of quadratic programming, initially 

studied by Dannis. Dual of convex primal program was given by Dorn and Mangasarian. Concept of 

mixed type multi-objective duality seems to be quite interesting and useful from practical point as well 

as algorithm point of view. The computational advantage of mixed type dual formalities involves the 

flexibility of the choice of constraints to be put in the Lagrange function can be exploited to develop 

certain efficient solution procedure for solving mathematical programing problems. 

 

1. Introduction 

Mathematical programming earned a status of scientific field in its own right during late 1940s and since 

then it has undergone significant development. It is now regarded as one of the most vital and exciting 

part of modern mathematics having applications in various scientific disciplines such as, engineering 

economics and natural sciences. 

A general mathematical programming problem (MPP) can be stated as: 

(MP) Optimize (minimize/maximize) f(x) 

Subject to 

gi (x)  0 (i = 1,2,….,m) 

hj (x) = (j=1,2,…..,k), xЄX 

where ( i) x = (x1, x2, x3,…….,xn)
T
 is the vector of unknown variables and (ii) f, gi (i = 1,2,……., m), hj 

(j = 1,2,…..,k) are the real valued functions of real n variables x1, x2, …., xn and X R
n
. in this 

formulation, the function f is called the objective function. The constraints, gi  (x) 0, i = 1,2,…,m are 

referred to as an inequality constraints. hj (x)= 0, j= 1,2,3,…,k are called equality constraints. the 

inclusion xЄX is known as abstract constraints. Optimality conditions and duality have played a vital 

role in the progress of mathematical programming. Fritz John was the first to derive necessary 

optimality conditions for constrained optimization problem using a Long range multiplier rule. The 

principle of duality connects two programs, one of which is called the primal problem and the other is 

called the dual problem, in such a way that the existence of an optimal solution to one of them 

guarantees an optimal solution to other. Multi-objective optimization is the art of detecting and making 

good compromises. It is based upon the fact that most real-world decisions are compromises between 

partially conflicting objectives that cannot easily be offset against each other. Thus, one is forced to look 

for possible compromises and finally decide which one to implement. So, the final decision in multi-

objective optimization is Mond and Hanson formulated the following pair of dual variation problem: 
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Primal problem: 

 

 

 

 

 

 

 

 

Dual problem: 

 

 

 

 

 

 

 

 

 

 
 

Where 

i)I=[a,b], a real interval and 

ii)F: I x R
n 

x R
n   

R, g: I x R
n
 x R

n
   R

m 
are continuously differentiable and y: I  R

m 
is piecewise 

smooth functions.  

 

 

 

 

 

 

 

 

 

Let ᵩ be a real valued twice continuously differentiable function defined on an open set contained in R
n
 x 

R
m

. Then ∇x ᵩ (x,y) and ∇y ᵩ (x,y) denote the gradient (column) vector of ᵩ with respect to x and y 

respectively. 

i.e., 
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A feasible  point    is said to be a weak minimum of (VP), if there does not exist any xЄX0 such that                 

ᵩ(x) < ᵩ(   ). A feasible point    is said to be properly efficient solution of (VP) , if it is an efficient 

solution of (VP) and if there  exists a scalar M>0 such that for each i and xЄx0 satisfying ᵩi(x) < ᵩi(   ), 

we have 

 

 

 

 

For some j, satisfying ᵩj (x)> ᵩj (   ) 

An efficient point   ЄX that is not properly efficient is said to be improperly efficient. Then    is 

improperly efficient means that every scale M>0 (no matter how large), then point xЄX and i such that 

Ψ
i 
(x) < Ψ

i 
(   ) 

and 

 

 

 

 

 

 

2. Review of literature 

Consider the non-linear programming problem: 

(P): Minimize f(x) 

Subject to 

hj(x)    , (j=1,2,….,m) 

Where  f: R
n   

R and hj : R
n   

R, (j=1,2,….,m) are continuously differentiable. The following problem: 

(WD) : Maximize    f(x) + y
T 

h(x) 

Subject to 

∇(f(x) + y
T
 h(x)) = 0 

y  0, yЄR
m 
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is known as the Wolfe type dual for the problem (P), Mangasarian explained by means of an example 

that certain duality theorems may not be valid if the objective or constraint function is a generalized 

convex function. This motivated Mond and Weir to introduce a different dual for(P) as 

(MWD) : Maximize f(x) 

Subject to  

∇f(x) + ∇y
T 

h(x)=0 

y
T 

h(x)    

y 0, yЄR
m 

and they proved various duality theorems under pseudo convexity of  f  and quasiconvexity of y
T 

h(.) for 

all feasible solution of (P) and (MWD). 

Mond considered the following class of non-differentiable mathematical programming problems: 
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(NP)1 : Minimize     f(x)+‖sx‖p 

Subject to  

hj(x)≤0,j=1,2….m 

Here f and hj ,(j=1,2,….m) are twice differentiable function from R
n
 to R. the dual for (NP)1 is the 

problem: 

(ND)1: maximum  f(u)=y
T
 h(u)-U

T
s

T
v 

Subject to 

 

 

‖v‖q≤1, 

y≥0, 

Where p and q are conjugate exponents. 

Later Schechter replaced the norm term or the square rot term by a more general function as the support 

function of a compact set. The problem considered by Schechter is: 

(NP)2: minimize f(x)=S(   ) 

Subject to 

hj(x)≤0,j=1,2….,m 

Where f and hj(j=1,2,….,m) are twice differentiable function from R
n 

to R and S(   ) is a support 

fuction of a compact convex set C   Rn 
. Using the sub differential of the support function of  S(   ), 

the dual of (NP)2 is the problem: 

(ND)2: Maximize  f(u)+w
T
u+y

T
 h(u) 

Subject to  

 

 

 

 

3. Research methodology 

The present study is based on historical, explanatory and descriptive. The proposed examination has 

utilized primary and secondary data for examination. It has depended on the narrative investigation of 

accessible essential source material. The books, investigate articles and other distibuted materials 

comprise the secondary data of the examination. 

 

4. Objectives of the study 

1. To study duality and mixed type duality for control problems. 

2. To study multi objective duality in mathematical programming problems. 

3. To study second order duality for variational problems. 

 

5. Analysis and Results 

We consider the following non-differentiable non-linear problem with support functions: 

(NP): Min f(x)+S(   ) 

 

Subject to 

                   gj(x)+S(    ) ≤ 0, (j=1,2….,m) 

For this problem, we construct the following Wolfe and Mond Weir type second order dual. 
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for the pair of Wolfe type second-order dual problem (NP) and (WD) usual duality theorems are 

validated under second order convexity, and for the pair of second order Mond-Weir problem (NP) and 

(M-WD) , various duality theorems are validated under second order generalized convexity. Special 

cases are also deduced. 

 

Following pair of second order symmetric dual programs with cone constraint is formulated: 
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Where (i) f: c1 × c2→R is a twice differentiable function, 

(ii): c1 and c2 are closed convex cones with nonempty interior in R
n 

and  R
m

 respectively. 

(iii) c1* and c2* are positive polar cones of c1 and c2 respectively. 

For this pair of problems various duality theorems including self-duality theorems are proved under 

second order convexity. 

 

Following pair of second order mixed integer symmetric and self-duality is investigated. 

Primal problem: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Conclusion 

Following Wolfe type non-differentiable multi objective Second order symmetric dual problems are 

formulated and for this pair of problem weak, strong and self-duality theorems are established under 

suitable convexity conditions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



International Journal of Research in all Subjects in Multi Languages   

[Author: Farooq Ahmad shah et al.][Subject: Mathematics]        

Vol. 7, Issue: 9, Sept.: 2019 

(IJRSML)  ISSN: 2321 - 2853 
\\\\\\ 

33  Print, International, Referred, Peer Reviewed & Indexed Monthly Journal                       www.raijmr.com 
RET Academy for International Journals of Multidisciplinary Research (RAIJMR) 

 

  Wolfe type dual to the problem (SWP) is: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Following pair of mixed type multi objective second order symmetric and problems is formulated. 

Primal problem: 
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This formulation of the programs not only generalizes mixed type first order symmetric multi objective 

duality results but also unifies the pair of wolfe and Mond-weir type second-order symmetric multi 

objective programme 
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